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RO(U)

o+ 4

ot + 1603 + 108s? + 4000 + 800 | 40? 4 48¢% + 2160 + 400

Using the rules for forming the cross products devel-
oped in the algorithm, the coefficients Ro(o), Ri(o),
R:(0), Rs(o), Ry(o) and Rs(o) can be written by inspec-
tion.
Ro(e) = (¢ + 4)(o* + 1607 + 10852 + 400° + 800)
Ri(0) = (0 + 4)(40® + 4807 + 2160 + 400)
— (o*+ 160® + 10842 + 4000 + 800)
Ri(o) = (¢ + 4)(66® + 48¢ + 108)
— (d6® + 4802 + 2160 + 400)
Ri(0) = (¢ + 1) (40 + 16) — (60% + 480 + 108)
Ri(o) = (¢ + 4) — (4o + 16).
R5(0’) = — 1.

The following array is formed to obtain the coefhicients
DO(O-)y D?(O-) Ty DS(O-)

Do(o’)

ot + 16¢° 4 10802 + 4000 + 800:' — (40 + 480* 4 2160 + 400), 602 + 485 + 108:' — (40 +16) 1:'
46?4 486% 4 2160 + 400, 6¢* 4 480 + 108

o4 + 166° + 108s + 4000 + 800
Do(0) = (o* + 1653+ 1082 + 4000 + 800)?
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Ri(o) Ry(o) R3(0) Ry(o) Rs()
0 0 0 0“
126° + 965 + 216 | 240 +96 | 24 | 1.
21 3! 41 O_I

Substituting w=0 in (23), the angle at which the locus
leaves the breakaway point is seen to be 7/2 provided
R'1(0) #0 at the breakaway point oi. The fact that
dR,(¢)/do at o =g is equal to zero indicates a point of
inflexion on the real axis and the equation R(s)=0
consists of multiple poles of order # (r>1) at 0 =01 in
addition to other poles along the real axis. If Ry(o)
consists of only multiple poles at =01, then the poles
of the open loop transfer function lie symmetrically on
the asymptotes and their loci are straight lines with the
point o =¢; being the asymptotic center. The following
examples will illustrate these enunciated points.

Example 2

The breakaway points of the root locus of G(s) of
Example 1 are given by the real roots of the equation
Ri(e) =0, ie.,

Ds(o) Dy(o) Do)

OO:l
0 0

Dg(o’)

00]
0 0

4r+16 1

Da(o) = 2(60% + 485 + 108) (c* + 165% + 10862 + 4000 + 800) — (d0® + 18¢% + 2160 + 400)2
Di(o) = 2(c* + 160° + 10802 + 4000 + 800) — 2(ds + 16)(d0® + 4802 + 2160 + 400) -+ (60° + 485 + 108)?

De(o) = 2(66% + 485 + 108) — (4o + 16)?
Dg(O') = 1.

The root locus and gain equations are given by
Ri(e) — w'R3(0) — w* =10
Ro(s) — w?Re(o) 4+ «*Ry(0) 1

Dy(o) — w?Ds(o) + w*De(o) + w®*Ds(o) K

IV. BREAKAWAY PoINTS FROM THE REAL AXIs

The breakaway points are given by the real roots of
(14) where Ri(o) is the first cross product of the root
locus array, and can be conveniently given in the form
of a determinant

' N(@) NYO() |
Rio) = Doy "

The angle at which the locus leaves the real axis will
now be investigated. Differentiating (13) with respect
to o and w, an expression for the derivative dw/ds is ob-
tained as

de RiW(s) — BR3PV (o) + *R;V(s) + - - -

E; - Zw{Rg((r) — 26?Rs(0) + 3w'Ry(c) - - - - } .

(23)

Ri(a) = 3ot + 48¢% + 30042 4 8640 + 800 = 0.

By synthetic division, the real roots are found to be at
—6.35 and —1.65. There is, however, an easier method
of solving this particular equation, i.e., by shifting the
Jw-axis,
Example 2

1f

K
st 1253 + 5452 4 108s + 145

G(s) =

the breakaway points are given by the real roots of the
equation

DW(g) = 0,

i.e., 03+9024+270+27 =0 which is equal to (¢-+3)% In
this case all higher derivatives of D®(¢) =0 at 6= —3
vanish, and the point ¢= —3 is indeed the asymptotic
center.












